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EULERIAN SERIES AS MODULAR FORMS REVISITED 

ERIC T. MORTENSON 



-vj ' Abstract. In recent work, Bringmann, Ono, and Rhoades employ the theory of har- 

, I monic weak Maass forms to prove results on Eulerian series as modular forms. By 

Oj' changing the setting to Appell-Lerch sums, after recent work of Hickerson and the au- 

.^^ I thor, we shorten the proof of one of the main theorems of Bringmann et al. and also 

clarify speculation of Soon-Yi Kang. 



0. Definitions and Introduction 
Let g be a complex number, < |g| < 1, and define C* := C — {0}. We recall 



n— 1 

j=0 i>0 



{x; q)n ■■= JJ(1 - q'x), (x)oo = {x; q)^ := JJ(1 - q'x), 



> '■ Jix; q) := {x) ^q / x) ^{q) ^ = V (-l)"g(^)x", (0.1) 

(N ^^ 

O ! where in the last line the equivalence of product and sum follows from Jacobi's triple 

O 



product identity. The following are special cases of the above definition. Let a and m be 
integers with m positive. Define 



2 ■ Ja,m ■■= iiq""] g"), Ja,m ■= ji-q"] ?""), and J„^ := Jm,3m = Yl{l 



qn 



i>l 



We will use the following definition of an Appell-Lerch sum. Let x, z G C* with neither 
z nor xz an integral power of q. Then using the notation of [7]: 

1 ^ (-l)^g0z- , , 

m{x,q,z):=- r> ^ ^-^ . (0.2) 

JKz^q) ^t^^ i-g*^ ^xz 

Appell-Lerch sums are useful in studying g-hypergeometric series [3 [121 [II]- In seminal 
work of Lovejoy and Osburn [9l [10], the techniques and results of Hickerson and the 
author on relating indefinite theta series to Appell-Lerch sums [7] were instrumental in 
determining (mixed) mock modular behaviour of multisum g-hypergeometric series. One 
finds traces of Appell-Lerch sums throughout the Lost Notebook [13] . Many identities 
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in the Lost Notebook express Eulerian series in terms of what are essentially m{x, q, z) 
functions. For example, in [13] , one finds, slightly rewritten [3] 






n=0 



{(l](f)n 



where 0(g) and cr(g) are two of Ramanujan's sixth order mock theta functions. 

Appell-Lerch sums satisfy several functional equations and identities, which we collect 
in the form of a proposition: 

Proposition 0.1. [7J For generic x, z, Zq, Zi G C* 

m{x,q,z) = m{x,q,qz), (0.3a) 

m{x,q, z) = x~^m{x~^,q, z~^), (0.3b) 

m{qx,q,z) = 1 — xm{x,q,z), (0.3c) 

/ X / X ZoJfj{zi/zo;q)j{xzoZi;q) 

m{x,q,Zi)-m{x,q,Zo} = — —7 — —7 r. (0.3d) 

j{zo; q)j[zi] q)j{xzo; q)j{xzi; q) 

Although one does not find anything as explicit as (I0.3al) - (]0.3d|) in [13], one does find 
special cases of many of the identities. For example, (10.3dp specializes to the following 
Lost Notebook relation for the above sixth orders [HI (0.19)^?]: 

0(g2) + 2a{q) = l[{l + q'-'f{l - g6")(l + q^'^^'f. (0.4) 

n>l 

One can also view (10. 4p as a linear combination of Eulerian series which essentially yields 
a weight 1/2 weakly holomorphic modular form. Another example is [2 Entry 12.4.1] 
which is a combination of (I0.3bl) and ( I0.3dl) . 

One can do more than simply expand Eulerian series in terms of m(x, g, z) functions. 
For Ramanujan's classical mock theta functions, Hickerson and the author [7| Section 4] 
showed that if one allows repetition in x one can always write the function entirely in 
terms of m(x, g,2;)'s. If one does not allow for duplication in x, one can adjust the ^'s 
such that there is only a single theta function. For the fifth order function /o(g) [Z]: 

00 „2 

= 2m(gl^ i\ q') + 2g-2m(g^ q^\ q') + :%^. 
Such expansions are of interest when studying the partial theta function duals [12] . 
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Ramanujan also expanded more involved Eulerian series in terms of Appell-Lerch like 
sums. We recall [121 Proposition 2.6]: 

^j_uyjzi)!(M!W!::L.,„(_,,,,_i)_^L^, ,0.6) 

where identities fl0.5p -f l0l6|) are based on equations of [13] proved in Andrews's [Ij. Iden- 
tities such as f l0.5p - fl0.6p and the techniques of [7] are useful in finding additional q- 
hypergeometric and bilateral g-hypergeometric series with (mixed) mock modular be- 
haviour [12]. In [7], we also find new Appell-Lerch sums identities. These include 

Theorem 0.2. [7] For generic x, z, z' G C* 

n-l 

m{x,q,z) = '^q~yi^\-xym{ - g(2)""''(-a;)", g"', 2;') 

r=0 

j{xz;q)j{z';q^')f^^ j[- q{l){-xYz' ^q^z-q^) 



We note that Theorem 10. 21 enabled Lovejoy and Osburn [TTj to prove recently conjectured 
identities for the tenth order mock theta functions |5]. 

1. A FEW MORE TECHNICAL DETAILS 

We list a few more technical details [7]. A few useful theta function identities are 



2J2 -J "^2 7 "^1 ~f "^2-^3 -f JlJ' 



Jo,l — 2Jl,4 — -^—, Jl,2 — ^2 t2' "'^I'S — -^, Jl,3 — J J , Jl,4 
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We state additional general identities for the theta function: 

j(g"x; q) = (-1) V® a;-"j(a;; ?), ^ e Z, (1.1a) 

j[x] q) = j{q/x; q) = -xj{x~^; q), (1.1b) 

j{x; q) = Jij{x, qx; q^)/Jl (1.1c) 

3{z] q) = ]{-qz^] q^) - zj{-qh^; g^), (l.ld) 

j(x2; g2) = j(a,. q)j(-x; g)/Ji,2, (l.le) 

We also recall the reciprocal of Jacobi's theta product: 

■^^ 1 — q"-z j(z; q) 

n=-oo ^ J V 1 1/ 

Finally we note for generic x,y, z G C*: 

Jix; q)j{y; q) = Ji^xy; q^)i{-qx~^y] q^) - xj{-qxy; q'^)ji-x'^y; q^). (1.3) 
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2. The theorem and the alternate proof 

Motivated by Dyson's rank differences, Bringmann, Ono, and Rhoades [1] used the 
theory of harmonic weak Maass forms in order to identify hnear combinations of Eulerian 
series which are weakly holomorphic modular forms. 

We recall the relevant notation from [1]. Define K'{w, z), K"(w] z), H'{a, c, w; z), by 

Kiu;,z).= }_^ (2.1) 



n=0 



{ujq^;q'^)n{(^~^q^;q^)n+i 



\n^n^ / ^. ^2^ 



V"(, r.\- \^ (-l)"g" {q;q')n-i .. .^ 

H'ia, c, w; z) := J^ I / ^.^i" , (2.3) 

^ (u;gc)„_^i(u;g c)„+i 

where < a < c. Further, let Cc := e'^^'^^'^ and /c := 2c/gcd(c, 4). Let 

k{a,c;z):=^csc(^7r-')q'-sK'{C;z) + sm(^n-')q--sK''{C:;z), (2.4) 

^(a, c; z) := g^(^"^)(iJ'(a, c, 1; 2) - i7'(a, c, -1; z)), (2.5) 

where a sign error has been corrected in (12. 5p . One of the main results of P] reads 

Theorem 2.1. [H Theorem 1.3] Let < a < c. In the notation above, H{a,c;4f^z) is a 
weight 1/2 weakly holomorphic modular form on ri(64/^) and K{a,c]2f^z) is a weight 
1/2 weakly holomorphic modular form on ri(64/^). 

Although the proof of [U Theorem 1.3] is lengthy and detailed, it yields no explicit 
formulas for H and K. Here we change the context to Appell-Lerch sums, after Hickerson 
and the author [7]. By employing the techniques of [7] in that we first write the g-series 
in terms of the m{x, q, z) function, we shorten their proof [4] and clarify speculation of 
Kang |8]. 

Theorem 2.2. Let < a < c. In the notation above, we have 

^(a,c;.)=2gt(-t)— -V— , K{a,c-z)- '^' '' ''^' 



Ji,2j{q'^;q'y 2 j{Q-qy 

In \8\, two proofs for K{a, c, ; z) are given. Both use techniques from basic hypergeomet- 
ric series. The first proof employs an identity equivalent to Ramanujan's i^/^i summation 
and the second uses specializations of Watson- Whipple. For the second proof [8] , Kang 
speculates that the identity for K{a, c; z) does not follow from the annihilation of Appell- 
Lerch sums. Here we show that that is indeed the case. We give two proofs. The first 
draws from Ramanujan [13] and Andrews [1], and the second demonstrates how to use 
new Appell-Lerch sum properties [7] to go from the Watson- Whipple results of Kang [8] 
to identities (l03|) -(IO:6D. 
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Proof of Theorem \2.2i Using (10. 5 p and fl0.6p . we see 



K'{u; z) = {1 - u) (m{-u, q, -1) + 



2j(^;^) 



^^>^^)-T^H-"-«--«-277^)' 



The explicit form for K is then immediate. For H, we begin with [4, (4.1)]: 
H{a,b,C]z): = -— ^ —-^^ 



?1= — oo 

oo 






Ji,2j{Cc Q^ ;r) 

where in the last line we used (10. 2p and (II. 2p . The result follows upon recalling [H (4.5)] 

#(a, c; z) = q--^^---\H{a, 0, c; z) - /7(a, c/2, c; 2)). D 

Second proof of K{a,c,z): Kang |[8j showed using Watson- Whipple [6l eq. (2.5.1), p. 43]: 

_A>;.)^=-5:^^. (2.6) 



ra=— 00 

°° -,2n2+3n+l 



fl - -)^"(^; ^) = -— E ^^^ TTT- (2-7) 

^'^ 71= — 00 

In [8], one adds (jM]) and (ET]) and uses (OJ. Identity (jM]) is also in [131 [1]. 

We show how to use Theorem 10.21 and elementary theta function properties to obtain 
(10. 5 p from (12. 6p . That for (10. 6p is similar. We begin with 

_•_ v^ _? -I- v^ _? I ^ V^ _^ 



2^4n 



Ji4 ^^ 1-wg"" Ji4 ^^ l-wV" Ji4 "-^ l-u'q 

J-i^ n=— 00 -^'^ n=— 00 -^'^ n=— 00 

/ 2 4 S\ —1/2—14 \ 

= m(— w g, g , — g J + wg m(— w g , g , — g) 

.24 N ^ -1 / 2 -1 4 N ^ -^i,2j(-g^^g^) 
= m{-UJ q,q ,-q)+uq m{-uj q , g , -g) + -7 ttt r, 

where we have used (II. lap . (I0.3ap . ( ]0.3dp and done some simplifying. Using Theorem 10.21 
with X = —u, z = —1, and z' = —q and more simplifying we obtain 

1 ^ g^"^+- , jyi-quj^ 
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n 



P 



2i(w;g)2j(-a;;g) 



j{-u ; q ) Ji,2 - ojji-qu; ; q ) Jo,2 



P 

^1,^ 



m{-UJ,q,-l) + - \ n-f \ 

j{^\q)j{-^\q) 2j(-u;;g) 



m{-u,q, -1) + 
m{-u,q, -1) + 
m{-u,q, -1) + 



72 



2 



72 



,2 



2j(-?^^;?^) - j{^\<i) 



j{-quj^; q^) + u;j(-g^w2; g^) 



72 



2j(w;g)' 
where the second equahty follows from (I1.3P and the last two from (ll.ldp . 
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